Ultrafast laser radiation heat transfer in biological tissues is governed by time-dependent equation of radiative transfer and modeled using the transient discrete ordinates method. The divergence of radiative heat flux is then obtained and used for predicting the local temperature response due to radiation energy absorption within the ultrashort time period. To this end, the lumped method is employed and heat diffusion is negligible. Both single pulse and pulse train irradiations are considered. For the single pulse irradiation, the transient radiation field is obtained and the local temperature keeps rising until a time of about 20 times of the short pulse width; and then a stable local temperature profile is reached and maintained until the start of heat conduction. For the pulse train case (10 4 ultrashort pulses until 1 ms), the local temperature response is an accumulation of continuous single pulses because the thermal relaxation time of biological tissues was reported in the range of 1-100 sec and is much longer than the pulse train duration (1 ms). After a stable local temperature field is achieved, the hyperbolic heat conduction model is adopted to describe the heat conduction. MacCormark's scheme is utilized for solving the thermal wave equations. Thermal wave behavior is observed during the heat transfer process. It is found that the hyperbolic wave model predicts a higher temperature rise than the classical heat diffusion model. After several thermal relaxation times the thermal wave behavior is substantially weakened and the predictions between the hyperbolic and diffusion models match.
INTRODUCTION
The study of short-pulsed laser radiation transport in biological tissues is attracting increasingly attention in recent years. Ultrafast radiation transfer is usually accompanied with the use of ultrashort-pulsed lasers. Ultrafast lasers with pulse width in the range from sub-nanoseconds down to femtoseconds can be used in a wide spectrum of emerging biomedical technologies such as in optical tomography [1, 2] , laser tissue ablation [3] , laser surgery [4] , and photodynamic therapy [5] , to name a few. Laser is also the excitation source in fluorescence imaging, scanning and labeling [6] . Fundamental to these applications is ultrafast laser radiation transport and associated heat transfer in biological tissues.
Due to the very short time duration in the radiationmatter interaction and transport processes, traditional radiation transfer model and Fourier's heat conduction model may not be valid for describing ultrafast laser radiation and conduction heat transfer. For example, our previous studies [7, 8] have shown that the propagation of radiation with the speed of light brings many unique features in ultrafast radiation transfer and the neglect of the time-derivative term in the equation of radiation transfer (ERT), that is valid in traditional radiation heat transfer, will lead to erroneous results. The concept of ultrafast radiation transfer [9] was introduced in order to differentiate it from conventional transient radiation transfer in that only the time-dependence of boundary conditions is considered, but the ERT is still stationary. In ultrafast radiation transfer, both the governing equation and boundary conditions are time-dependent and radiation propagates with the speed of light. We have found that, when the pulse width of an incident laser is less than or comparable to the order of the characteristic time scale for radiation propagation defined by (L c is the characteristic length), ultrafast radiation transfer should be incorporated.
Numerical methods for solving the transient ERT have been extensively reported in the literature [7] [8] [9] [10] [11] [12] [13] [14] . Among them, the transient discrete ordinates method (TDOM) has been applied to two-dimensional [12] and three-dimensional [13] rectangular coordinate systems and curvilinear geometric problems [14] . It was found that the TDOM could give satisfactory results for modeling ultrafast laser radiation heat transfer in turbid media.
Heat conduction is always associated with laser radiation absorption in biological tissues. The study of heat transfer is of particular interest in laser treatment and safety. For example, prediction of thermal response is a critical issue in laser tissue welding and soldering. Laser welding of tissue is a surgical technique for bonding of tissues by using a laser beam to activate photothermal bonds and/or photochemical bonds. This method is potentially more advantageous than the conventional suturing technique because it is a non-contact method, which does not introduce foreign materials, and it is capable of forming an immediate watertight seal. For over 30 years, laser tissue welding has been extensively studied [4] as an alternative tool for tissue closure. In order to achieve optimum welding strength, a proper temperature at the welding region was reported at 62.2 ± 2°C [15] . Pulsed lasers were applied to reduce the collateral thermal damage [16, 17] . Thus, it is needed to properly model heat transfer during ultrafast laser radiation transport in biological tissues which is a coupled radiative-conductive heat transfer problem.
For irradiation times less than 10 sec, the heat transfer can be modeled as a heat conduction problem; and the influence of blood perfusion only plays a minor role and is negligible [18] . Fourier heat conduction equation (parabolic type) implies an infinite speed of thermal propagation and is traditionally used for describing heat diffusion. For a physical process occurring in a time interval shorter than that required for attaining thermal equilibrium, however, it has been noticed that heat wave theory must be adopted [19] [20] [21] . The thermal wave postulate leads to hyperbolic heat conduction equations and suggests a finite speed of thermal propagation. Mitra et al. [22] and Tzou [23] provided some experimental evidences of hyperbolic heat conduction.
Thermodynamic validity of the hyperbolic equations and the range of parameters where non-Fourier considerations are significant have also been examined [24, 25] . Glass et al. [26] approached the hyperbolic conduction problems numerically using MacCormack's scheme. Some other numerical methods [27] [28] [29] [30] have also been recently considered.
Vedavarz et al. [25] have analyzed the relaxation time of thermal wave for various materials. They found that the thermal relaxation time of biological tissues was in the range of 1-100 sec at room temperature, which are several orders of magnitude larger than that of metallic and semiconductor materials. Kaminski [20] estimated the thermal relaxation time between 20 and 30 sec for meat products. Mitra et al. [22] measured a 16 sec thermal relaxation time for processed meat. Such larger relaxation times in biological tissues make the hyperbolic heat conduction specifically significant in the thermal modeling of laser-tissue interactions.
The objective of this work is to analyze the radiation transport and thermal response in tissues subjected to irradiation of ultrashort laser pulses. In the present study, the ultrafast radiation heat transfer in tissues is governed by the time-dependent equation of radiation transfer (ERT) and solved using the TDOM method. The hyperbolic heat conduction equations are solved using the finite difference method based on MacCormark's scheme. Since the speed of thermal wave in biological tissues is over 10 orders of magnitude smaller than that of light. Thus, the coupling of radiative-conductive heat transfer involves two different time scales. The heat transfer in ultrafast laser-tissue interaction is a multi-scale and multiphysics problem. In order to examine the non-Fourier effects, the transient thermal responses obtained from the hyperbolic heat conduction modeling are also compared with those obtained from the classical parabolic heat diffusion equation.
MATHEMATICAL MODELS

Governing Equations
The speed of thermal wave t c is defined as
where α is the thermal diffusivity and τ is the thermal relaxation time. The reported thermal diffusivity of tissues is in the range of 0.1 -0.2 mm 2 /s [31, 32] . In the present calculations, we suppose α = 0.12 mm 2 /s and τ = 15 s; then c t = 0.09 mm/sec. Radiation is transported in the speed of light, i.e. c = 0.2 mm/ps in biological tissues. It is about 12 orders of magnitude faster than the speed of thermal wave. Thus, during the time scale of ultrashort pulse or pulse train (up to the order of 1 ms) the transport of thermal wave and heat diffusion are negligible. 
where ρ is the density, p C is the specific heat, and
is the divergence of radiative heat flux due to radiation absorption that is calculated by
where a σ is the absorption coefficient of the tissue and b I is the black body emissive power which is negligible because the tissue can be treated as a cold medium as compared to the large flux of laser beam. The incident radiation, G, is a direction-integrated radiation intensity and can be obtained by the summation of angle-discretized radiation intensity.
To calculate the radiative intensity l I in a discrete ordinate, time-dependent ERT in discrete-ordinate format is introduced: After the ultrashort pulse effect is diminished in a very short time period, the temperature response reaches to a pseudo steady state; and then thermal wave transport starts. To predict the transient temperature field during thermal wave transport, the hyperbolic heat conduction equations are introduced [19] :
where k is the thermal conductivity, T and q represent temperature and heat flux, respectively. The energy equation is expressed as
For the sake of analysis, the hyperbolic conduction equations and energy equation are converted to nondimensional forms as follows: 
Boundary Conditions
For radiation heat transfer, reflection and refraction governed by Snell's law and Fresnel equation, respectively, are considered at the tissue/are interface. At the rest boundaries, diffuse reflections are considered. For details, please refer to our recent publications [12] [13] [14] . The incident laser sheet has a Gaussian profile both temporally and spatially and can be expressed by 
where, p N is the number of the laser pulses. For hyperbolic heat conduction, the boundary conductions are specified below. (1) Thermal radiation emission at the tissue/air interface is negligible because the surface temperature is low such that the blackbody intensity is much smaller than the incident laser intensity.
(2) The tissue optical and thermal properties are thermally stable during the heat transfer processes.
(3) Thermal evaporation and phase change (from solid to soft) of tissue are not considered.
(4) The heating of tissue is treated by the lumped method for bulk material. The abrupt electron temperature rise during ultrashort time period is neglected.
Numerical Schemes
To solve the time-dependent ERT, the TDOM is employed. The tissue geometry is divided into a uniform grid of 200 200 × . The solid angle is divided by a quadrature set of ) 2 ( + = N N n discrete ordinates for N S method. In the present study, we use the 10 S scheme. The time step selected is 0.2 ps. Details of the numerical schemes have been described in our recent publications [12] [13] [14] ; thus, they are not repeated here.
To solve the hyperbolic heat conduction equations, MacCormack's predictor-corrector scheme is adopted. The hyperbolic equations include the discontinuities in front of thermal waves. MacCormack's predictor-corrector scheme has been known to deal with wave propagation very well in a 1-D hyperbolic heat conduction problem [26] . Thus, it is extended to the 2-D problem in the present study. The discretized forms of these equations are as follows: To solve these finite difference equations, the same grid system as the radiative transfer problem is chosen. The nondimensional time step for the thermal wave problem is selected as the same as the grid size, i.e., η χ ξ
, such that a unity Courant number is used.
RESULTS AND DISCUSSION
The sketch of the tissue geometry is shown in Fig. 1 . Figure 2 shows the profiles of the divergence of radiative heat flux for a single pulse irradiation along the optical axis direction at several selected time instants. A steep gradient of the divergence of radiative heat flux is found for early time instant (t = 20 ps). As time advancing, the profiles become flat and the magnitude of overall strength decreases. At t = 500 ps, the profile shows a quite symmetric shape against the central point at 5 . 0 = χ and its magnitude drops to the order of 10 -13 . This implies that the radiation absorption of this pulse has almost been completed by this time stage. Fig. 2 . The profiles of divergence of radiative heat flux along the optical axis with several selected time instants. Figure 3 shows the contours of the local temperature distribution at three time instants. At early time stage (t = 20 ps), the temperature field is concentrated on the laser deposition area but the magnitude of it is small. As time proceeds, the temperature field is propagating to the surrounding tissue due to radiation transport and the temperature reaches to a high level due to the accumulation of radiation absorption. Around t = 200 ps, the local temperature field reaches to a pseudo steady state and maintained until the start of heat conduction. Fig. 4 . The temporal profiles of temperature for a single pulse and pulse train at two optical axis positions.
The pulse train effect is investigated in Figure 4 . The pulse train consists of 10 4 short pulses (t p = 10 ps) uniformly generated within 1 ms. After 1 ms, the laser is turned off. Since the pulse train duration is much shorter than the thermal relaxation time of the tissue (τ is assumed to be 15 sec), no heat diffusion and thermal wave should be considered. The local temperature response is an accumulation of continuous single pulses. Figure 5 shows the spatial variance of the non-dimensional temperature profiles in the tissue at time of 1 ms. We also Following the arrival of a pseudo stable local temperature field the thermal wave propagation starts and the temperature field is governed by the hyperbolic heat conduction equations. To validate the code for hyperbolic conduction simulation, a comparison between the present numerical simulation and a published analytical solution [26] for hyperbolic conduction in a 1-D slab is shown in Fig. 6 . It is seen that the present calculations match the counterparts of analytical solution very well. Now, the numerical simulation is extended to the 2-D case. The temperature profiles along three selected cross lines are exhibited in Figs. 7 (a), (b) and (c), respectively. Several time instants are selected for comparison. The wave behavior of temperature propagation is very obvious in the figures. The local temperature profiles at initial stage due to radiation absorption in the ultrashort time period show a perfect Gaussian distribution. Starting from 05 . 0 = ξ in Fig. 7 (a) , the evolution of thermal waves takes place. The profiles are symmetric against the center. The amplitude of temperature wave gradually decreases as time marches. As the wave propagates from the center position to the tissue edge, the wave peak becomes small. At long time stage, the wave behavior retards and gradually disappears. Then the diffusion process starts. Similar wave behavior is shown in Fig. 7 (b) and (c) as well. However, the onset time of wave evolution is delayed to 1 . 0 = ξ in Fig. 7 (b) and to 2 . 0 = ξ in Fig. 7 (c) .
The hyperbolic temperature field in the tissue and its time history are depicted in Fig. 8 . At early time instants the temperature response is confined in a small area close to the laser spot. As time increases, the thermal influencing zone (higher temperature than surrounding area) enlarges with clear wave evolution inside the zone. To understand well the hyperbolic effects, the temperature profiles predicted by the hyperbolic model and Fourier parabolic model, respectively, are compared in Fig. 9 , where the comparisons of the temporal variance of temperature profiles at different locations are presented. In hyperbolic conduction modeling, wave behavior exists and the temperature changes periodically with a decreasing amplitude.
In parabolic conduction modeling, the temperature decays exponentially and more slowly than the hyperbolic prediction. Also the predicted maximum temperature values by the hyperbolic model are much larger than those by the parabolic model. In order to prevent the overheating in laser tissue interactions, an appropriate hyperbolic heat transfer model must be adopted. At long time, the thermal behavior disappears and the predictions between the hyperbolic and parabolic models are consistent.
CONCLUSIONS
A combined hyperbolic radiation and conduction heat transfer model was developed to simulate the multi-scale and multi-physics heat transfer problem in ultrafast laser radiation and tissue interactions. Subject to the incidence of an ultrashort laser pulse or pulse train, the local temperature inside the tissue was found to rise very fast and this rise was purely because of local radiation absorption resulting from transient radiation heat transport. During a short time period, the local temperature field reached to a pseudo steady state until the start of thermal wave propagation. The thermal wave phenomenon can be well described by the hyperbolic heat conduction equations. The wave behavior was observed from the contours of the 2-D temperature field as well as the temperature profiles along the optical axis and cross lines. The evolution of thermal wave took place earlier near the laser beam spot. As time increases, the thermal influencing zone enlarges with clear wave evolution inside the zone. The difference between the hyperbolic modeling and parabolic modeling was obvious. In the hyperbolic conduction modeling, wave behavior exists and the temperature changes periodically with a decreasing amplitude. In the parabolic conduction modeling, however, the temperature decays exponentially and more slowly than the hyperbolic prediction. Also the predicted maximum temperature values by the hyperbolic model are much larger than those by the parabolic model. After about five thermal relaxation times, the difference between the diffusion modeling and hyperbolic modeling is slight. 
